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Question 1 (15 marks) Commence each question on a SEPARATE page

2
X
a. Evaluate j[e" +e ZJ ax, 2

b. Use the substitution v = 1 + sin®x to find I sin2x dx 2

V1 +sin? x

sec x +tanx

Qe Bly

c. Evaluate in simplest form ax. 3
cos X
4
d. Evaluate in simplest form j dx 4
g (x + 1)(X +9)
e, Use the substitution ¢ = tan %— to evaluate, in simplest exact form, 4

dx
3-cosx-2sinx

O M3
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Question 2 (15 marks) Commence each question on a SEPARATE page

a. If z=3-jiand w= 14 2, find in the form a + ib, where a and & are real,

the values of

iii.

Z - 2w

Zw
z
W

J3 -
J§+1.

=

Using the result for tan {A -~ B), show that tan 1—7;— =

Hence, express z = (J§+ 1)+ (ﬁ— 1)/ in modulus argument form.

Express z° in the form a + ib, where a and b are real.

On an Argand diagram, shade the region where both |z -1 -} = J2

and 0 < argz < z,
4

Find in simplest exact form the area of the shaded region.

If y = log.{cos & + isin &), show that % = |,

Hence, by integration, show that € = cos @ + ising.

If z = &, show that z* + % = 2cos 46.
z

pg 2
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Question 3 (15 marks) Commence each question on a SEPARATE page

a. The polynomial P(x) = x> - 6x* + 9x + ¢ has a double zero. 3
Find any possible values of the real number c.

b. The graph below shows the curve y = f{x) with asymptotes x = 0 and y = x.
YA
y=r(x)
s
// =X
L
e

=R 4

1/
rd
e
e
~

On separate diagrams, sketch the following graphs showing clearly any intercepts
and asymptotes:

i y = [f(x}]. 1
il y = f(|x]). 1
iii. y = f(x) - x. 2
. _ 1

v, y = _f(x) . 2

c. P(x) = x* - 2x> + 3x* - 4x + 1 and the equation P(x) = 0 has roots &, 4, yand §.

i Show that the equation P(x) = 0 has no integer roots. 1
fi. Show that P(x) = 0 has a real root between 0 and 1. 1
iii. Show that @?+ 24+ 2+ §2 = -2, 2

iv. Hence find the number of real roots of the equation P(x) = 0, giving reasons., 2
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Question 4 (15 marks) Commence each question on a SEPARATE page

a. For the ellipse ﬁ + —y—z— = 1, find
8 4
i the eccentricity.
ii. the coordinates of the foci.
jii. the equations of the directrices.

b. For the curve y° +2xy + x> + 2 = 0,
i. show that d_y = M 2
X 3y® +2x
ii. find the coordinates of any staticnary points on the curve. 3
C.
Yy A
l

2
P{xy, y1) is a point on the hyperbola X—2 -Z_=1,a>b>0,
a

with asymptotes /; and /;.
M, and M, are the feet of the perpendiculars from P to /y and /; respectively.

a’b?

i Show that PM; x PM, = — 3
a“+b
ii. Show that tan £ M,0M, = —2-2#?% . 1
as-b

iii. Hence find the area of APM;M, in terms of @ and b. 3
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Question 5 (15 marks) Commence each question on a SEPARATE page

a. Let I, = J'xmex ax.
i. Show that I, = x7e* - Ml . 2
2
i Find the value of _[xze" dx. 2
1
b. A torus is generated by revolving x* + y* < 4 about the line x = 5.

i By using the method of cylindrical shells show that the volume of one shell 2

is given by AV = 47 (5 - x) V4 - x? Ax.

ii. Hence find the volume of the torus, 2

c The base of a solid is the shaded region between the circle x> + y? = 1 and the

2
ellipse % + y? =1 for x > 0. Vertical cross-sections taken parallel to the x- axis

are rectangles with heights equal to the squares of their bases.

YV A
1
0
-1
L 3
i. Show that the volume V of the solid is given by V = I(l - y2)2 dy. 2

-1
il. It can be shown that cos*d = %(cos 48 + 4 cos 26 + 3). (Do NOT prove this).

Use the substitution y = sin v and the result from ii. to find the value of V. 3

d. Consider the curve defined by the parametric equations x = £ + t - land y = te?®. 2

Show that dy et
dx
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Question 6 (15 marks) Commence each question on a SEPARATE page

a. Solve for x: tan™* x + tan™ (1 - x) = tan™! % 4

b, Consider the function f{x) = loge(1 + cos x), -2x < x < 2z, wherex = x,x = -x.
Show that the function f{x) is even and the curve vy = f{x) is concave down 3
for all values of x in the domain.

C. A particle of mass m kg falls from rest in a medium where the resistance to motion

is proportional to the square of its speed and its terminal velocity is 20 ms™.
The value of g, the acceleration due to gravity is 10 ms™.
At time ¢t seconds the particle has fallen x metres and acquired a velocity v ms™.

i Explain why x = %(400 - v3). 2

ii. Find # as a function of v by integration. 2

iii. Hence, show iv =
40

iv. Find x as a function of t. 2
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Question 7 (12 marks) Commence each question on a SEPARATE page

a,

The roots of x> - 7x + 6 = 0 are «, # and 7.
Find the value of & + g3 + 3.

Use mathematical induction to show that, forn = 2,

1 1 1 1 1
— 4+ =+ = +.+ = <2-Z=
12 22 32 n? n

In a kitchen, the room temperature is 20°C.

Alison makes some coffee, pours a cup and adds milk.

The temperature of the coffee at this point is 80°C.

After p minutes, during which she answers the phone call, the temperature of the
coffee has fallen to 35°C.

Then she is delayed for a further 4 minutes by the doorbell, after which the
temperature is 27.5°C.

Assuming Newton’s law of cooling which states that 7= A + Be™ where T is

the temperature in °C, t is the time in minutes, A and B are constants,

i, find the values of 4 and B.

ii. find p, the time that Alison spent on the phone.

pg 7
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Question 8 (7 marks) Commence each question on a SEPARATE page

A car of mass m kg, with speed v metres/second travels around a circular track of
radius R metres, inclined at an angle 4 to the horizontal and g is the acceleration
due to gravity.

i. Write down the vertical force and horizontal force equations. 1
V2

il Show that if there is no tendancy for the car to slip then tan 8 = g_R 2

fi. Express sin ¢ and cos 4in terms of v, g and R. 1

iv. If the speed of the car is now halved, prove that the sideways frictional 3
3mgv2

force F on the wheels exerted on the track is given by F =

afv* + g?R? ‘

END OF PAPER
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STANDARD INTEGRALS
Jx"dx = L gzl x20,ifr<d
n+l
1
—dx =Inx, x>0
X
ax L oax
Je dx zwe®™, ax(
a
Jcasaxdx =Esinax, a#Q
. 1
jsmaxdx =——cosax, a#0
9 1
sec“axdx =Etanax, az0

I
jsecaxtanaxdx = secax, ax0

1 1. gx
J‘ T dx ==tan"l=, @a#0
a“+x” a a
]. =1 %
dx =sin" —, a>0, —a<x<a
PR a

J.-m-iw—_dx =ln(x+\lx2—-a2), x>ax>0
(2 _ 2

1 _ 3. 2
Jh——mdx —~]n(x+ x“+da )

NOTE : Inx=log,x, x>0
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